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This paper shows the theoretical analysis of the wandering phenomenon using characteristic equation of the vehicle

body. At first the equations of the vehicle motions on the dented wheel tracks on damaged roads are introduced and

linearized to get a Laplace - transformed characteristic equation, considering the interaction between the inherent
vehicle dynamics and the dented track profiles. By this fourth order equation, the vehicle body fluctuations on the
dented tracks are theoretically discussed and verified by computer simulation. It is found that the vehicle body
fluctuations on dented tracks are much influenced by forward velocity, wheel track depth, and vehicle parameters.

1. INTRODUCTION

Highway goods transportation by heavy commercial
vehicles became to play the most important role for a
long distance transportation in Japan. Drivers are some-
times forced to drive the vehicles all day long or even
during all night at high speeds so that higher vehicle
safety and stability became required than before. More-
over because of increasing number of the heavy commer-
cial vehicles, the damaged and dented road surfaces are
often found along the wheel tracks of the heavy vehicles.

When running on such damaged roads, ”wandering”
phenomenon of the vehicle often occurs and the vehicle
stability sometimes becomes to be unstable and dan-
gerous. Nevertheless the fundamental characteristic of
the wandering is not clear from the viewpoint of vehi-
cle dynamics, though there have been few experimental
researches or computer simulation works.

This paper shows the theoretical analysis of the wan-
dering phenomenon using characteristic equation of the
vehicle body. At first the equations of the vehicle mo-
tions on the dented wheel tracks on damaged roads are
introduced and linearized to get a Laplace - transformed
characteristic equation. The stability of vehicles running
on the dented tracks can be discussed theoretically by
analyzing this equation. Then computer simulation is
carried out to verify the theoretical analysis. By the the-
oretical and numerical analyses, it is clearly explained
that the vehicle body fluctuation on dented tracks is
influenced by forward velocity, wheel track depth, tire
characteristcs and vehicle sizes.

Nomenclature
C,: : cornering power of ¢ — th tire
C,; : camber stiffness of 1 — th tire
dy ¢ tread of front axle

d, : tread of rear axle

F;; ¢ lateral force acting on ¢ — th, j — th tire

h : depth of a dented track

1 yaw moment of inertia

£ wheel base

i distance between front axle & C.G.

£, distance between rear axle & C.G.

m mass of vehicle body

mysg : weight on front axle

m,g : weight on rear axle

1% . forward velocity

W : width of a dented track

W, : distance between dented track
center lines

W, = W.=W,—-W

y : lateral position of C.G.

Ui : lateral position of 7 — th, j — th tire

Jé] : side slip angle of C.G.

B : side slip angle of ¢ — th tire

¥ :  yaw rate of vehicle body

6 . yaw angle of vehicle body

1; : camber angle of i —th, j — th tire

i : f = front: r = rear

J ¢ 1= right: 2 = left

2. THEORETICAL MODEL
2.1. Description of dented tracks

Fig.1 shows the geometrical relationship between
the dented wheel tracks and the vehicle tires when the
vehicle runs along z-axis. The upper figure shows the
size of the vehicle and the location of four tires on z — y
coordinates, while the lower one shows the cross section
of dented wheel tracks on y — z coordinates.
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In the following analysis, the cross sectional shape
of a wheel track is assumed to be a cosine curve in the
lateral direction, and the shape is the same in the lon-
gitudinal direction. The track shape of the right hand
side is expressed by

-1 )

2
Zq = —{cos W(

2
where the suffix (= f or r) denotes the front or rear tire.

The track shape of the left hand side is also expressed
by

Y- @

ziy = —{co (y,z

when

2

As it is supposed that the track may be dented mainly by
the rear tires, the lateral distance between both tracks
is nearly equal to the tread of rear wheel axle.

2.2. Description of tire forces

Lateral forces acting on each tire considered in this
paper are divided into the following forces;
(1) cornering force proportional to the side slip angle of
tire,
(2) camber thrust proportional to the camber angle
against the road surface,
(3) tangential component of vertical load acting on tire.
Fig.2 shows the cross sectional profile of a tire on dented
road where the camber thrust and the tangential com-
ponent of the vertical load are expressed. The sum of
the lateral forces on each tire is therefore expressed by

m;g
Fy = =Cpfi+ (=~ = Gy (3)
where C,;

»i, Csi and m;g/2 are the cornering power, the
camber thrust stiffness and the vertical load of each tire
respectively. The suffix i{(=f or r) denotes the front or
rear tire, and the suffix j(=1 or 2) denotes the right or
left tire.

This expression is derived by linearizing the forces on
the assumption that the tire side slip angle f; and the
camber angle 1;; are relatively small in this analysis.

2.3. Equation of vehicle motion

As this paper focuses on an analytical method to
study the interaction between inherent vehicle dynamics
and the dented wheel track geometry, a mathematical
model of the vehicle is simply expressed by the lateral
and yaw motions of the vehicle body as follows. The
roll motion and its influence on tires are neglected in
this analysis.

V(B+19) =
Iy =L;(F1 + Fpp)

Ff1+Ff2+F,-1+FT2 (4)
- ET(FTl + FTZ) (5)
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where the lateral forces are expressed by

Fyy = —CppBs+ (_2_9 = Cip)dn (6)
Fra = —Coffs + (—2—- — Cip)Ys (7)
Fi = —CuBr+ ( —Cy)Pn (8)
F, = Wﬂ+( Cer )2 (9)

The side slip angles of the front and rear tires are gen-
erally expressed by

Fig.1 A vehicle model on dented wheel tracks

4)'\'\

Fig.2 Tire forces and camber angle



i
b = B+Ly—5 (10)

B

L.
gy (1)
Substituting eqs.(6) ~ (11) into eqs.(4) and (5), the
equations of motions concerning the side slip angle g
and the yaw rate v of the vehicle body are reduced to
mV B+ 2(Cpp + Cpp ) fH{mV +
= 2C4s55
myg
(== = Cop) (W + ¥p2)

2
m,
+(*§£ Csr)(l/)rl + 1/)1-2) (12)
2(@Cpf + £2C,,)
% Y

Cpr ) B+ +

26;C,p — £,

= 2C,slsdy
msg

Mf(Tjr — Cop) (1 + Yy2)

T8 Cu) (s + ¥r2) (13)

~
(5

These equations become very familiar in a case of
simple analysis of stability and handling performances
on even road surfaces when the camber angles are ne-
glected, that is, ¥ + 15 = ¥r1 + 90 = 0. If these cam-
ber angles are assumed to be only the inputs to these
equations, this mathematical model is the second order
dynamical system.

2.4. Interaction between vehicles and tracks

The camber angles in eqs.(12),(13) are greatly re-
lated with the displacement of tires on the dented tracks
so that they must be considered as the variables of this
dynamical system. This paper therefore analyzes the
interaction between the vehicle body dynamics and the
camber angle variations due to the dented track uneven-
ness.

In this analysis, there is no input by a driver, that is,
the front wheel steer angle §; is assumed to be zero. And
all equations are linearized, assuming that the vehicle
body does not fluctuate so much around the equilibrium
position on the dented tracks. The lateral position of
each tire on the r — y coordinates shown in Fig.1 is
calculated by the following geometrical expressions;

yp1 = y+ 450 —ds/2 (
yr2 = y+4p8+ds/2 (
v = y—4,0—4d,/2 (16
Yr2 = y—618+dr/2 (
where the yaw angle 6 and the lateral position y of the

vehicle body center of gravity are calculated by the fol-
lowing integral operations.

V(éfcpf £Cor)}y

VEHICLE SAFETY

6 = 90+/0t'ydt (18)
y = yo+/0tVsin(ﬂ+9)dt
~ y0+/0tV(ﬁ+8)a’t (19)

As the roll motion of the vehicle body is neglected in
this paper, the camber angle shown in Fig.2 is equal to
the derivative of the shape of the dented track surface.

right:
0zy mh . 27 W,
= — = 8 20
da= =50 = Din T+ 50 (20)
left:
0z, wh | 2w W,
o= — = — ; 21
Piz By W sin W(yz 2 ) (21)

where the suffix i = (f or r) denotes the front or rear
tire respectively.

The sum of these right and left camber angles 14 +
s, appearing in eqs.(12) and (13), is calculated and
reformed to be a function of the lateral position y and
the yaw angle 8 of the vehicle body as follows.

Yp1 + Upe

2 ( +W)+sm27r( _VVC
Wyf1 2 wWrT

W,
. ¢ .
- W{sm Vv—(wa > T3
2 d W,

inS—(y+ 4,6+ L - =<
+smW(y+ 0+ 5 5 )}

wh . 2w 2r dy W,
—Q—W—sm—ﬁ—/—(y+€f9)cosw—(7— 2)

47r2h

~ 2 o cos{— 7 (ds = W)}y + £48) (22)

)}

= ——{sm

This is simply expressed by

v+ g = —Af(y + £40) (23)

where

472k T
f= W2 COS —{df - (W + W)} (24)

In the same way, the sum of the right and left camber
angles 1,1+1,,, appearing in eqs.(12) and (13), is simply
expressed by

1/)rl + 1/)7'2 = _Ar(y + 679) (25)
where
2
A = 4V’{/hcos T {d, — (W.+ W)} (26)
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Substituting eqs.(18),(19) into egs.(23),(25), the
sums of the cabmer angles in front and rear axles are
respectively written by

Y1+ Yp
¢ t ot t
- —Af(/ Vpdt + / / Veydidi + / 2;dt) (27)
0 0 Jo 0
¢r1 + ¢r2
¢ ¢ gt t
=4 ( / VBdi + / / Vodidi — / fydt) (28)
0 0o Jo 0
when yo = 8y = 0 in egs.(18),(19).
As a result, the vehicle body motion on dented wheel

tracks is therefore governed by egs.(12),(13),(27) and
(28).

3. CHARACTERISTIC EQUATION

Substituting eqs.(27),(28) into eqgs.(12),(13) and us-
ing Laplace transformation, characteristic equation of
the vehicle running along the dented wheel tracks is de-
scribed by the following fourth order equation.

S4+b153+b252+b35+b4 =0 (29)
where
b 2m(l3Cpp + 12C,, ) + 2I(Cpp + Cy) (30)
v mlV
Afolf, +A,C1% — 2(;Cpy = 1,C)
bg = I
AsCs 4+ A,C, 4
C:C 2 31
+ m + m[vg pfp ( )
2(Cp1 A Cr + C’,,,Afo)l2
= 2
bs mIV (32)
=2I(CpsA,C, — Cpr AsCy) + AfA,CfC,Z2
be = mi
(33)
mysg
Cr = ‘Zf— —Cys (34)
c, = 1”2’—9 —-c, (35)

If the road surface is even without the influence
of dented tracks, the coefficients in eqs.(24),(26) and
eqs.(32),(33) are zero.

h=0 == A=A, =0 (36)
= by =bs =0 (37)
Therefore the characteristic equation of the vehicle

motion on even surface becomes to be a familiar form
as follows.
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52(52 + bo]S + bog) =0 (38)
where
501 - bl
mIV
—2(1;C — 1,C,,) 4
boz = ( L pr =+ mIV2 Cpfcprl2 (40)

Stability of the vehicle on even road is usually evalu-
ated by the coefficients of this equation. The understeer
(US) or oversteer (OS) characteristics are defined by

US when [,Cp, — 1[;Cy > 0
OS when Z,.Cp,. - Zprf <0

by which handling and stability performances on even
road surfaces are often evaluated.

Table 1 Baseline parameters

m 1.43 x 10* kg 1 1.76 x 10° kgm?
d 2.0 m d, 18 m

L 40 m £, 2.6 m
msg | 5.5x10* N m,g | 88x10* N

Cps | 14x10° N/rad | C, | 2.8x10° N/rad
Cyy 2.8x 10° N/rad | C,, 5.6 x 10° N/rad
%% 1.2 m W, 1.8 m

4. ANALYSIS OF CHARACTERISTIC ROOTS

Table 1 shows the baseline parameters of a comer-
cial vehicle and dented tracks in this paper. Stability
of the vehicle motion on the dented tracks can be dis-
cussed by the locations of characteristic roots which are
the solutions of the characteristic equation (29). As it is
the fourth order equation, the roots are mostly divided
into two pairs of complex number, which physically rep-
resent the two degree-of-freedom motions combined by
the yaw and lateral motions of the vehicle body. Two
pairs of roots are separately depicted in a complex plane
for the convenience of description.

Fig.3 shows the characteristic roots of eq.(29) in the
complex plane, on which the depth of the dented tracks
h has a large influence at each forward velocity. When
the depth A is zero, the roots depicted in the lower part
converge to zero of this complex plane. This means that
the roots appearing in the lower part directly represent



the original roots subject to the dented tracks. On the
other hand, the roots depicted in the upper part con-
verge to those which are the solutions of the character-
istic equation (38) on even road surfaces. Therefore, the
roots in the upper part correspond to the original vehicle
dynamic stability. Nevertheless it is obvious that these
roots are greatly interacted by each other and influenced
by the parameters of the vehicles and tracks.

According to the results in Fig.3, it is clearly found
that stability decreases at high speeds because all roots
move in the direction to the imaginary axis when the
forward velocity increases. And it is also found that the
damping coefficients become smaller when the dented
tracks become deeper. Therefore the vehicle is liable
to fluctuate by a certain disturbance when running at
high speeds on deeply dented tracks. This theoretically
obtained tendency has a good agreement with driving
situations we often face.

In order to make clear these influences on dynamic
characteristics, the damping coefficients and damped
natural frequencies of the vehicle motion corresponding
to two pairs of the characteristic roots are calculated
and depicted in Fig.4 and Fig.5.

Fig.4 shows the results of the natural frequencies
and the damping coefficients versus the forward velocity
when the track depth is 0.05 m, comparing with those
when the road surface is flat. There are two pairs of
them, one of which corresponds to the inherent char-
acteristic root and the other is generated by the track-
vehicle interaction. Whether the vehicle body keeps on
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Fig.3 Characteristic roots influenced by forward
velocity V and track depth A

VEHICLE SAFETY

= (.00m(a)
0.8 o 00 e 0.05m(a)
—-===- (0.05m(b)
/N\ --------
= 0.4}
A S PP [V 2
0.0
1.0
3 0.5
0.0 -
40 . 80 120
v(km/h)

Fig.4 Influence of forward velocity V on the frequency
and damping of vehicle body fluctuation
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Fig.5 Influence of track depth A on the frequency and
damping of vehicle body fluctuation

fluctuating or not is evaluated generally by the value of
damping coeflicient . According to Fig.4, the damping
coefficients ¢ decrease approximately in inverse propor-
tion to the forward velocity. Therefore it is theoretically
concluded that the vehicle body is liable to fluctuate at
high speeds.

Fig.5 shows the natural frequencies and the damp-
ing coefficients versus the track depth when the vehicle
runs at 120 km/h. Fig.5 indicates that the damping co-
efficients decrease similarly as shown in Fig.4. Fig.5 also
indicates that both natural frequencies become larger
when the track depth becomes deeper.

From these results, it is theoretically concluded that
the vehicle body is liable to fluctuate by a certain distur-
bance when running fast on deeply dented tracks, and
that the fluctuation frequency becomes larger at higher
speeds on deeper tracks, and therefore it might be diffi-
cult for a driver to operate the vehicle in such dangerous
situations.
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Fig.6 Influence of forward velocity V on the transient
responses when A = 0.05 m

5. TRANSIENT RESPONSE

In order to verify these theoretical results, a com-
puter simulation is carried out and compared with above
results. The computer simulation shows the transient
responses of the vehicle body which is at first displaced
from the equilibrium line as the following initial condi-
tions.

8o = 0 rad
¥ = 0 rad/s

o = 0.20 m ,
/BO =0 Iad s

Fig.6 shows the influences of the forward velocity
V on the transient responses of the vehicle body when
the track depth A is 0.05 m. These responses clearly
indicate that the forward velocity has a great influence
on the fluctuation of the lateral displacement and the
yaw angle of the vehicle body. This influence is able to
be explained by the theoretical results of the damping
characteristics shown in Fig.4 where the damping coef-
ficient { decreases approximately in inverse proportion
to the forward velocity.

Fig.7 shows the influences of the track depth A on
the transient responses of the vehicle body running at
120 km/h for ten seconds. These results show a ten-
dency that the responses fluctuate for a longer period
when the track depth A becomes larger. Moreover the
same results about the natural frequency and damping
characteristics are able to be recognized as those shown
in Fig.5 in the previous section. The frequency of fluc-
tuation changes approximately from 0.2 to 0.5 Hz and
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Fig.7 Influence of track depth h on the transient
responses when V' =120 km/h

the damping coeflicient becomes less than a half approx-
imately when the track depth A increases from 0.02 to
0.10 m.

6. PARAMETRIC STUDY

The stability of the vehicle body is much influenced
by the vehicle parameters, such as, the tire character-
istics, the center of gravity location and the tread of
axles and others. This section discusses these influences
on the yaw rate response by changing these parameters.
The baseline parameters in the following calculations are
given in the Table 1, and the track depth is 0.05 m and
the forward velocity is 120 km/h. The initial conditions
of these analyses are the same as above.

6.1. Influence of cornering power

Fig.8 shows the influence of the cornering powers
of the front and rear tires on the transient responses
of the yaw rate. Fig.8(a) shows the case where both
front and rear values, C,; and C,,, are changed simul-
taneously, while Fig.8(b) and Fig.8(c) show the cases
where the front or rear value, Cy,; or C,,, is changed
respectively. From the result in Fig.8(a), the damping
of the transient response becomes lower when the two
values decrease from the baseline value, while the fre-
quency of fluctuation is almost the same. From the re-
sults in Fig.8(b) and Fig.8(c), the fluctuation becomes
larger when the front cornering power decreases or the
rear one increases. Therefore it is important to notify
that the deterioration of the front tire cornering power

has a bad influence on the fluctuation.



6.2. Influence of camber thrust

Fig.9 shows the influence of the camber thrust stiff-
ness of the front and rear tires on the transient responses
of the yaw rate. Fig.9(a) shows the case where both
front and rear values, Cy; and C,, are changed simul-
taneously, while Fig.9(b) and Fig.9(c) show the cases
where the front or rear value, C,¢ or C,, is changed
respectively. The results in Fig.9 show nearly the same
tendencies as those in Fig.8. From the results in Fig.9(b)
and Fig.9(c), the fluctuation becomes larger when the
front camber stiffness decreases or the rear one increases.
Therefore it is important to notify that the deterioration
of the front tire camber stiffness has a bad influence on
the fluctuation.

6.3. Influence of center of gravity
Fig.10 shows the influence of the location of the cen-
ter of gravity on the transient responses of the yaw rate,
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Fig.8 Influence of cornering powers on the yaw rate
response when V = 120 km/h , h = 0.05 m
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Fig.9 Influence of camber thrust stiffness on the yaw
rate response when V = 120 km/h , h = 0.05 m
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Fig.10 Influence of the center of gravity on the yaw
rate response when V = 120 km/h , A = 0.05 m
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Fig.11 Influence of the center of gravity on character-
istic roots when V = 120 km/h , h = 0.05 m
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Fig.12 Comparison of the maximum amplitude of the
yaw rate response subject to the center of gravity
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while Fig.11 shows the influence on the characteristic
roots. The influence of the C.G. location appears clearly
on the responses. Although the fluctuation is almost
suppressed at an appropriate value of /¢, the time history
of the transient response changes in different manners
when the value [; increases or decreases.

It may be because the two characteristic roots shown
in Fig.11 are located nearly in such a same area that
the influence of them appears on the response to the
same extent. Moreover it is found that the two damping
coefficients have different influences by the value ;. This
means that the damping of the upper root becomes small
at large {5, while the damping of the lower root becomes
small at small l;. As a result, the fluctuation amplitude
is very sensitive to the location of C.G. according to
the comparison of the maximum amplitudes of yaw rate
transient responses shown in Fig.12.
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Fig.13 Influence of axle treads on the yaw rate
response when V = 120 km/h , h = 0.05 m
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Fig.14 Comparison of the maximum amplitude of the
yaw rate response subject to axle treads
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6.4. Influence of axle treads

Fig.13 shows the influence of the tread of the front
and rear axles on the transient responses of the yaw
rate. Fig.13(a) shows the case where both front and
rear values, dy and d,, are changed simultaneously, while
Fig.13(b) and Fig.13(c) show the cases where the front
or rear value is changed respectively. In these compar-
isons there is a large influence of the axle treads on the
fluctuation of the yaw rate response. Especially the ve-
hicle body fluctuates very large whenever the treads of
front and rear axles become small simultaneously or re-
spectively. As the comparison of the maximum amph-
tudes of the yaw rate transient responses is shown in
Fig.14, the fluctuation amplitude is very sensitive to
the axle treads. This result may somehow show one of
the reasons why small or meadium busses or trucks of-
ten face a wandering, vehicle body fluctuation, on the
wheel tracks dented by heavy vehicles.

7. CONCLUSIONS

This paper has theoretically analyzed the stability of
vehicles running on damaged tracks which are dented by
heavy vehicles. For this analysis, the fourth order char-
acteristic equation of vehicle dynamics on the dented
tracks has been introduced, based on linearization and
Laplace transformation of the equations of motions con-
sidering the interaction between vehicle dynamics and
track profiles. By using this characteristic equation, fun-
damental characteristics on the wandering phenomenon
are able to be predicted theoretically, which have a good
agreement with the results of computer simulation.

From the analyses, it can be theoretically explained
that the vehicle body is liable to fluctuate with low
damping when running fast on deeply dented tracks, and
that the fluctuation frequency becomes larger at higher
speeds on deeper tracks, and therefore it might be dif-
ficult for a driver to operate the vehicle in such dan-
gerous driving situations. Moreover it is found that the
fluctuation of vehicle body on dented tracks are greatly
influenced by tire characetristics, the location of center
of gravity and the axle treads of vehicles.
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